
AIAA JOURNAL

Vol. 39, No. 2, February 2001

Technical Notes
TECHNICAL NOTES are shortmanuscriptsdescribing new developmentsor important results of a preliminarynature. These Notes cannot exceed six manuscript
pages and three � gures; a page of text may be substituted for a � gure and vice versa. After informal review by the editors, they may be published within a few
months of the date of receipt. Style requirements are the same as for regular contributions (see inside back cover).

Computation of Polydispersed Dusty
Shock Wave Propagation

Ki-Cheol Park¤

Samsung Techwin Company, Ltd., Changwon City,
Kyungnam 641-717, Republic of Korea

and
Keun-Shik Chang†

Korea Advanced Institute of Science and Technology,
Yusung-ku, Taejeon 305-701, Republic of Korea

Introduction

S HOCK waves propagating in gas–particle suspension have im-
portantapplications.Examples are shockwaves occurringin the

solid rocketplume and detonationof dustyparticlesby shockwaves.
Experimental and numerical investigations on this subject have
drawn much attention. Numerically, the relaxation phenomenon of
a shock wave in gas–particle suspension has been examined by
Carrier,1 Kriebel,2 Rudinger,3 and Marconi et al.4 Numerical solu-
tion of the two-dimensionalunsteady Euler equations was obtained
by Kim and Chang5 for the shock wave moving in gas–particle
suspension over a compressible corner.

Outa et al.6 and Sommerfeld7 conducted shock tube experiments
to study shock wave propagationin gas–particle suspension,as well
as a numerical computations using the equilibrium gas approxi-
mation. Their experimental and numerical results showed a dis-
crepancy when the incident shock Mach number was low. More
recently, Sivier et al.8 numerically simulated Sommerfeld’s7 exper-
imental case using an unstructured adaptive grid. They8 used the
Eulerian–Eulerian approach based on the continuum assumption
for both the gas and the particles. Their calculation showed some
improvement over Sommerfeld’s7 earlier numerical results. How-
ever, the simulation8 again suffered from inaccuracy in the case of
low incident shock wave speed.

In the present Note, we present a new numerical method using
the Lagrangianparticle tracing techniqueand particle adaptationon
an unstructuredgrid for the polydispersedgas–particle suspension.
It is delineatedwhy the existingnumerical solution shows deviation
from the experimental results of Sommerfeld.7

Numerical Formulation
The two-dimensional Euler equations with particle source terms

S are written in conservation form:
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Here U has the conservationvariables and F is the � ux vector. This
equation is nondimensionalized using a characteristic length L1,
which is the diameter of a shock tube and the freestreamproperties.
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Roe’s � ux difference splitting upwind method is used to calculate
the numerical � uxes. The triangular primary and polygonal dual
meshes shown in Fig. 1 are the basic � nite volumes, before any
adaptation, employed in the present study to compute both the � ux
and the particle source terms. In the time direction, explicit four-
stage Runge–Kutta time stepping is applied.

Coupling Between Phases
The assumption is made that there is heat transfer but no phase

change or mass transfer between the two phases. Dilute particle
suspension is assumed so that collision among the droplets can be
ignored.The Lagrangianparticlemotion is describedby theordinary
differential equations
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Here ½, T , u, v, a, and ¹ are nondimensional density, tempera-
ture, x and y velocity components of the velocity vector u, respec-
tively,speedof sound,anddynamicviscosityof thegas,respectively.
Dp is the physical particle diameter. C p;g and C p;p are the speci� c
heats of the gas and of the particle at constantpressure,respectively.
The equations for the particle drag coef� cient CD and Nussel num-
ber N u are CD D 112 ¢ Re¡0:98

p and Nu D 2 C 0:6Re1=2
p Pr1=3, respec-

tively, where Rep D ½ju ¡ upjDp=¹ and Pr is the Prandtl number.7

Equations (2) and (3) are analytically integratedby freezing the gas
velocity and temperature at a local time step. The particle source
vector S is expressed by the momentum and heat transfer terms
between the phases:
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Fig. 1 Calculation of source terms using the particle trajectory.
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Fig. 2 Three different levels of particle control volume.

The source vector in the control volume i of Fig. 1 is calculated
at each time step by
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where K is the total number of droplets passing through the control
volume i at a given time and M is the total number of discretized
level of the particle size. Nm is the number density of the particles
in the size of level m . When the particle crosses an intercellular
boundary in a local time step, for example, the boundary between
the two control volumes i and j in Fig. 1, the particle source vector
is calculated � rst by accounting for the time fractions, 1t1 and 1t2.
These are de� ned as the fractions of a local time step consumed in
the control volumes i and j , respectively, by the traveling particle
provided that an intercellular boundary is crossed by the particle
path L i j .

Particle Adaptation Procedure
The particle control volume is initially the same as the � ow con-

trolvolume.It is used to calculatethe numberdensityof the particles
drifting in. Inaccuracy would result if the particle control volume
were kept large while the � ow control volumes are re� ned to small
sizes when adapting to the density gradient of the gas � ow. Re-
� nement of the particle control volume is, therefore, necessary. We
used one of the threeparticlecontrolvolumesshown in Fig. 2, which
was chosen depending on the level of the � ow-adaptive grid. The
three cases in Fig. 2 represent no particle adaptation (NPAL D 0),
light particle adaptation (NPAL D 1), and heavy particle adaptation
(NPAL D 2). The circles indicate the particles representinguniform
number density in the space. The number density at later times is
determined by counting the number of circles that drifted into a
particle control volume.

Results and Discussion
The effect of particle adaptation is investigated using the exper-

imental study of Sommerfeld7: shock Mach number Ms;0 D 1:49,
particle-to-gas mass loading ratio Á D 0:63, and uniform particle
size of diameter Dp D 27 ¹m. Initially, the particle control volume
is identical to the gas control volume, and uniform particle number
density is assigned on the grid points. However, new grid points are
generated by the � ow-adaptive grids where no information about
the particle number density is available. The initial particle control
volumes are left relatively large because the grid is re� ned due to
� ow adaptation. As a result, the particle source terms on the old
initial grid points give much more in� uence than the source terms
on the newly generated grid points in computing the � ow variables.
Accordingly, the overall drag force is underpredicted,whereas the
shock propagation Mach number suffers from overprediction.The
shock Mach number curves in Fig. 3 show that the shock wave is
decelerated by the gas–particle suspension in the shock tube. For
the incident shock with Ms;0 D 1:49, the dashed line represents the
result of NPAL D 0; the solid line represents the case of NPAL D 2,
which agrees better with the experimental results, especially in the
transient region.

In the Eulerian–Eulerian approach, a mass-averagedmean parti-
cle diameter is used because the diverse particle sizes cannot be

Fig. 3 Decaying shock Mach number Ms along the shock tube axis;
Á = 0:63.

adequately treated in this method. Unfortunately, the total drag
force caused by the polydispersed particles must differ from that
of the uniform particles. In this paper we chose 12 different parti-
cle sizes to compute the Lagrangian motion of particle, following
Sommerfeld’s7 experiment. For the incident shock Mach number
Ms;0 D 1:26, the result of the polydispersedparticle model in Fig. 3
is in good agreementwith the experiment. In contrast, the monodis-
persed uniform particles of the size Dp D 27 ¹m gives as much
deviation from the experiment as the Eulerian–Eulerian calculation
made by Sivier et al.8 does. In the case of Ms;0 D 1:49, computation
with the model of polydispersedparticles shows about the same or-
der of accuracyas the monodispersedcase when compared with the
experiment.

Conclusions
We have developeda gas–particle two-phase� ow codeby adding

the Lagrangian particle tracing technique to the unsteady unstruc-
tured adaptive compressible Euler formulation. It has been found
that the initial particle adaptation of the particle control volume is
essential to maintain the computational accuracy, provided that the
adaptive grid is used for higher resolution of the shock wave. It is
also shown that computation with the polydispersedparticle model
gives improved accuracy over the Lagrangian computation using
monodispersed particles or the Eulerian–Eulerian approach using
uniform particle representation.
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